INEQUALITIES FOR FUNCTIONS REGULAR AND BOUNDED IN A CIRCLE CECIL CRAIG, JR. AND A. J. MACINTYRE
This paper is concerned with functions w = f(z) regular and satisfying the inequality \f(z) \ < 1 in | z \ < 1. This class of functions will be denoted E.
We determine conditions on z lt z 2 , z z and w 1} w 2 , w% for to be possible with an f(z) of E. In particular to map the vertices of the equilateral triangle Zk = re 2kπίl3 into the vertices of another taken in the opposite direction Wk = pe~Z kπil * we must have p ^ r 2 . The extremal function associated with this problem is w = z 2 . It seems convenient to discuss the fixed point if any of the mapping of | z \ < 1 into | w \ < 1. We include a simple proof of the theorem of Denjoy and Wolff that if no such fixed point exists then there is a unique distinguished fixed point on | z | = 1. We give several results restricting the position of the interior or distinguished boundary fixed point in terms of the location of a zero of f(z) or the value /(0).
The theorem of Pick asserts that if f(z) is in E then
S D(z u z 2 ) where the nonEuclidean distance
Equality holds if and only if / sets up a Mobius transformation. It follows from Pick's theorem that there can be at most one fixed point of w -f(z) in | z \ < 1 unless f(z) = z. It is usually sufficient when / has an interior fixed point at z = a(Φ 0) to suppose 0 < a < 1. Our first four theorems give information about the relative positions of zeros of /, an interior fixed point, and the value /(0). We exclude the case where f(z) = z. Proof. The conclusion follows directly from Pick's theorem since the circle described is the nonEuclidean circle with nonEuclidean center z -a.
If /(0) is known in addition to the existence of an interior fixed point a(Φ 0), then these two results can be combined to give a larger region which is zero-free, namely the union of the two closed discs. The boundary zero of / occurs at z -/(0) when / is a Mobius transformation. If / is known to have an interior fixed point, an improvement over Theorem 3 can be made as to its location based on a knowledge of /(0). This is indicated in:
Iff has a fixed point z = a(Φ 0), in z I < 1, then a lies inside the circle C 2 passing through z 0 ( Figure 1 ) with center at the geometric inverse of / (0) Proof. This is a direct consequence of the inequality D(a, 0) Ξ> D(a, /(0)) where the point z = a is considered variable and /(0) is fixed. The assumed interior fixed point is nearer /(0) than the origin in the nonEuclidean sense, except when / is linear. This requires an investigation of the nonEuclidean perpendicular bisector of the radial segment from 0 to /(0). Straight lines of the Poincare model are Euclidean circles orthogonal to the unit circle. The Euclidean circle C 2 passing through the point z Q and orthogonal to | z \ -1 is the one described in the statement of the theorem.
Theorem 4 provides a simple proof of the Theorem of Denjoy on the fixed points of analytic transformations of the unit circle into itself [3] . It is convenient to develop the argument by formulating several variants of Theorem 4. f(z) is supposed to belong to E. This point on | z \ == 1 is the Denjoy distinguished fixed point. Calling such points D fixed points it is clear that Theorem 4 applies to these as well as to interior fixed points. We shall next be concerned with special cases of three point interpolation by feE.
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